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Abstract

The dynamic analysis of oblique-impact vibration is presented in this paper through an illustrative
system, where a spring–pendulum obliquely collides a mass–spring oscillator. The oblique-impact process
and the relations between the pre-impact state and the post-impact state of system are analyzed first upon a
hypothesis on instantaneous oblique impacts. On the basis of the oblique-impact relations, then, the
dynamic equation of such an oblique-impact vibrating system is established. Consequently, the existence
and the stability of the periodic motions are analyzed and a series of analytical solutions are derived in some
simplified cases. Afterwards, the transitions of the steady state motions of the system with the variation of
the excitation, the damping and the contact–friction are numerically studied in general cases. The study
shows that the coefficient of restitution for an oblique-impact cannot be regarded as a constant, and that
the relations between the pre-impact state and the post-impact state are directly associated with the impact
angle and the coefficient of contact–friction between impacting bodies. For the system of concern, the
system parameters and initial states have to be carefully selected if any stable periodic motion is expected.
Furthermore, very rich dynamic behaviors, such as bifurcations and chaotic motions, are observed in the
numerical results.
r 2003 Elsevier Ltd. All rights reserved.

1. Introduction

The mechanical system with a clearance between two moving parts is quite popular in
engineering. Vibro-impacts occur when the moving parts repeatedly collide with each other so

ARTICLE IN PRESS

*Corresponding author. Tel.: +86-25-4893278; fax: +86-25-4891512.

E-mail address: hhyae@nuaa.edu.cn (H.Y. Hu).

0022-460X/$ - see front matter r 2003 Elsevier Ltd. All rights reserved.

doi:10.1016/S0022-460X(03)00743-0



that the system exhibits very complex non-linear dynamics [1,2]. Great attention has been paid to
the vibro-impact problems over the past decades because of their significance on the performance
and life of mechanical systems. However, it is far from an easy task to solve the vibro-impact
problems with strong non-linearity and non-smoothness.

In most vibro-impact problems, the impact duration is very short compared with the period of
vibration of concern. For instance, it takes only 10�5–10�3 s for a normal impact between two
bodies made of metals. Hence, some essential assumptions have been introduced in the widely
used model, like, Newton’s quasi-rigid bodies impact model [3] as following. (1) The impact
duration Dt is assumed to be infinitesimal and the impact force F to be infinitely large so that the
impact impulse and the changes of impact velocity are finite values. (2) All forces except the
impact force are finite and can be ignored during the impact. (3) The deformations of impacting
bodies keep within a tiny region. (4) The contact surface between the impacting bodies is smooth,
and then the friction can be ignored. As a result, a coefficient of restitution rA½0; 1� can be
introduced to describe the relation between the pre-impact state and the post-impact state, and the
energy dissipation during the impact such that no details during the impact should be analyzed.
For example, the relation of relative velocity of two impacting bodies can be expressed as

vf � n ¼ �r v0 � n; ð1Þ

where v0 and vf are the relative velocities of pre-impact and post-impact respectively and n denotes
the normal direction of the impact surface. Because the friction between impacting bodies is not
taken into account, such a model is usually used to describe the direct central impact when the
relative velocity is along the normal direction or the direct eccentric impact without friction. These
cases are hereinafter called the direct vibro-impact, which is distinguished from the oblique-
impact vibration in any case when the friction is taken into consideration.

The direct vibro-impact model, or the Newton’s impact law, was widely implemented to study
the vibro-impact dynamics. Abundant results were observed in the theoretical, numerical and
experiential studies on the vibro-impacting systems of single degrees of freedom [1,4–9].
Especially, Foale and Bishop [7], Hu [8,9] respectively studied the grazing bifurcation in a vibro-
impact system and indicated that the grazing bifurcation can suddenly change the stability of
periodic motions and then give rise to chaotic motions. In the studies on the vibro-impacting
systems of multiple degrees of freedom, Bishop et al. [10] predicted the period-1 impacts in a
driven beam by virtue of the rigid-body impact model and examined the results in an experiment.
Ivanov [11] proposed a unified approach to the analysis of vibro-impact, of which the
mathematical essence was the continuous representation of the impulsive motion in some
auxiliary variables, and then investigated the stability and the bifurcation by using the Floquet
theory and studied the grazing bifurcation by taking the finite impact duration into account.
Toulemonde and Gontier [12,13] studied a vibro-impact system of multiple degrees of freedom
based on a predictor–corrector method, and found the complex phenomena such as flip
bifurcation, saddle-node bifurcation, Hopf bifurcation and grazing bifurcation, and the stick–slip,
which may lead to non-zero impact duration. Luo and Xie et al. [14,15] investigated a type of
vibro-impacting systems of two degrees of freedom in detail by virtue of the mapping method.
Recently, Kember and Babitsky [16] used the periodic Green function method to continuously
compute the integral of the vibro-impacting system of two degrees of freedom. Jin and Hu [17],
Li and Lu [18] respectively investigated the periodic motions of a type of vibro-impacting systems
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of dual components, and determined the analytical solution of period-n � 1 motions and their
stabilities. In most cases, however, the studies focused on the qualitative or numerical analysis
because of the complexity of any non-linear dynamic systems of multiple degrees of freedom.

In contrast with the direct-impact, the oblique-impact is more complex. During an oblique-
impact process, there exists not only the normal relative velocity, but also the tangential relative
velocity of the impacting bodies on the contact regions. The former results in the normal
deformation, whereas the latter gives rise to the tangential deformation if there is any friction on
the contact regions. Babitsky studied the oblique impact by virtue of the Newton’s impact law and
the Coulomb’s law of friction in his monograph [19]. In the study on the oblique impact problem
of single degree of freedom, Lv [20], Ratner and Styller [21] named the friction during impact as
‘‘instantaneous friction’’ or ‘‘dynamic friction’’, which were distinguished from the static friction
and the sliding friction in general cases. Lv [3] defined the ‘‘coefficient of instantaneous friction’’ m
satisfying

PtpmPn; ð2Þ

where Pn and Pt are the normal impact impulse and the tangential impact impulse, respectively.
Then, he introduced the ‘‘coefficient of tangential restitution’’ rt satisfying

nþt ¼ rtn�t ; ð3Þ

where n�t and nþt are the tangential relative velocity of pre-impact and post-impact, respectively. In
Ref. [20], the measured values of ‘‘rt’’ were given for a few types of materials. Furthermore,
Ratner and Styller [21] found the relation among the coefficient of friction m; the impact velocity
and the impact angle:

m ¼ ðn0 cos a0 � nf cos af Þ=ðn0 sin a0 þ nf sin af Þ; ð4Þ

where n0; a0; nf and af are the absolute velocity and the attack angle of the velocity of pre-impact
and post-impact, respectively.

The above ideas and results are reasonable, but applicable to a few special cases only. For
example, Eq. (4) only holds in the case of an oblique-impact between a free body and an elastic
plane. On the other hand, the definition and the measurement of the ‘‘coefficient of instantaneous
friction’’ are very difficult and even quite arbitrary. Furthermore, rt and m are interdependent and
are associated with the impact velocity and angle. So, these results have not yet been generalized
to the other cases of oblique-impact.

Brach [22] illustrated that the tiny slip might stop during an oblique-impact owing to friction
and then either the direction of slip reversed or the contact points rolled without slip during an
oblique-impact process involving friction. The impact complexity may give rise to an erroneous
increase in energy by virtue of the theory based on Newton’s impact law in some special cases. To
resolve the above paradox, Stronge [23,24] studied the energy dissipation and proposed a new
definition where the coefficient of restitution e was independent of friction. In his result, e defined
on the basis of energy dissipation is uniquely valid. As an example, e was deduced in the case of
the oblique-impact between a pendulum and the fixed rigid plane. Furthermore, the viewpoint was
generalized to the three-dimensional impact [25].

Wang and Mason [26] used Routh’s graphical method to describe an oblique-impact process of
two rigid-bodies and to determine the frictional impulse. Lewis and Rogers [27] observed in an

ARTICLE IN PRESS

W. Han et al. / Journal of Sound and Vibration 275 (2004) 795–822 797



experiment that the transitions in both normal and tangential forces were synchronous if a single
direction micro-slip exists in the oblique-impact process. This evidence means that the tangential
force and the normal impact force reach their maximal values simultaneously. Furthermore, the
asynchronous phenomena of the transitions in normal and tangential forces were reported in
other cases [28,29].

In summary, the studies on oblique-impacts are less intensive than those on direct-impacts.
Most studies are confined to some special case studies and are not applicable to the general
problems of oblique-impacts.

The work presented in this paper focuses on the dynamics of an oblique-impact vibrating
system of two degrees of freedom, composed of a spring–pendulum and a mass–spring oscillator.
The relation between the pre-impact state and the post-impact state will be deduced in Section 2.
In Section 3, the dynamic equation of the oblique-impact vibrating system will be established, and
then the existence and the stability of the periodic motions will be analyzed. In Section 4,
numerical results will be given to show the transitions of the steady state motions of the system
with the variation of excitation, damping and friction. Finally, some conclusions will be drawn in
Section 5.

2. Analysis of oblique-impact process of a pendulum–oscillator system

A crucial issue in studying the dynamics of an oblique-impact vibrating system is to establish a
simple, but reasonable impact model or a right computational method for the relation between the
pre-impact state and the post-impact state. The impact model or the method, which links the pre-
impact state and the post-impact state, is the basis of the study on oblique-impacts. This section,
hence, focuses on the relations of the pre-impact state and the post-impact state for an oblique-
impact.

The illustrative dynamic system of concern, placed on a horizontal plane, is composed of a
spring–pendulum and a mass–spring oscillator as shown in Fig. 1. The spring–pendulum consists
of a lumped tip mass M1; a massless bar of length l; a flexible torsional component of linear
stiffness K1 and linear damping coefficient C1: The volume of tip mass is negligible such that the

ARTICLE IN PRESS

X = 0

M1

∆

l

K1O

K2M2

X

A

θ

Fig. 1. An oblique-impact vibrating system of two degrees of freedom.
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motion of pendulum is only the rotation about the fixed point O: The mass–spring oscillator
includes a lumped mass M2; a flexible component of linear stiffness K2 and linear damping
coefficient C2: Furthermore, the pendulum and the oscillator are subject to the harmonic moment
excitation of f10 cosðOT þ jÞ and the harmonic force excitation of f20 cosðOT þ jÞ; respectively.
The coefficient of friction between mass M1 and the left surface of mass M2 is m: In the process of
vibration, mass M1 will contact the left surface of mass M2 at the position A with an initial angle
y0 and initial angular velocity ’y0 at the moment t0:

In the studies on the dynamics of the vibro-impact systems, the hypothesis of instantaneous
impacts, which have been observed in various experiments of normal impacts, have been
widely used. In this study, the hypothesis will be extended to the case of oblique-impact. That is,
the oblique-impact occurs instantaneously like a normal impact, including micro normal
compress and restitution deformation in the contact area during the impact process. So, the
impact process can be divided into the approach phase and the restitution phase such that the
laws of classical dynamics can be used in each phase. Furthermore, the complicated tangential
motions such as the relative micro-slip in single direction or its trend, or the slip-reverse can be
properly analyzed during an oblique-impact process, and the tangential friction in the contact
surface can also be properly introduced. In a recent study [30], the hypothesis of instantaneous
oblique impact has been confirmed through the detailed elastic-plastic analysis and an experiment
for the case when the attack angle y of impact is not very large and the initial relative normal
velocity of two colliding bodies is not very low. In this case, the instantaneous impact or
instantaneous slip-reverse does not result in any variation of macro-relative displacement. For
the system in Fig. 1, the variation of angle y arising from the micro-slip in the impact process
is negligible and it is enough to use ð’y; ’XÞ to characterize the state of system in the impact
process. As a consequence, the relation between the pre-impact state and the post-impact state
only includes the variation of relative velocity of two colliding bodies as in the case of normal
impact.

For a normal impact, the coefficient of restitution, which plays an important role in the impact
model of two quasi-rigid bodies, is often considered as a synthetical parameter related to
the material behavior of impacting bodies and the environment conditions around the
impacting regions. The coefficient of restitution was initially defined by Newton as a ratio
between the relative velocities of post-impact and pre-impact, but the study on the impact
mechanism was avoided. Like the coefficient of friction, there are hitherto some unclear problems
in the mechanism study of the coefficient of restitution, especially in the case of impact with
friction.

There are basically three ways to define the coefficient of restitution. For the impact between
quasi-rigid bodies 1 and 2, with the positive direction of the common normal n of the contact
surface defined from Body 1 to Body 2, the coefficient of restitution can be defined as follows:

(1) Newton’s impact law is based on the variation of relative velocity of two impacting bodies
and can be written as rðvÞ ¼ �ðDvþ � nÞ=ðDv� � nÞ; where Dv� represents the relative velocity
between two impacting bodies of pre-impact, and Dvþ represents the relative velocity between two
impacting bodies of post-impact.

(2) Poisson’s impact law is based on the variation of momentums of two impacting bodies and
given by rðPÞ ¼ �ðPII � nÞ=ðPI � nÞ; where PI and PII represent the momentums of two impacting
bodies in the process of approach phase and restitution phase, respectively.
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(3) Beghin–Boulanger impact law, or called Energy dissipation method, is based on the

variation of the kinetic energy DW and given by rðW Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jDWII=DWI j

p
; where DWI represents

the variation of the kinetic energy of impact bodies in the process of approach phase, and DWII

represents the variation of the kinetic energy of impact bodies in the process of restitution phase,
respectively.

Stronge [23,24], Wang and Mason [26] pointed out that the Beghin–Boulanger impact law
includes the physical mechanism of impact because it relates to the non-elastic deformation of the
impacting bodies. It has been already proved that the above three laws are equivalent in the case
of direct-impact or in the case of oblique-impact without friction. If the approach phase and the
restitution phase cannot be separated definitely, the third law is not effective and rðvÞ does not
equal rðPÞ in the case of oblique-impact with friction. Like the coefficient of friction, the
coefficient of restitution depends on the initial condition of impact and some other factors. The
coefficient of restitution varies asymptotical from 1 to a constant less than 1 with an increase of
normal impacting velocity from zero. In practice, the coefficient of restitution is often taken as a
constant for simplicity.

When the hypothesis of instantaneous oblique impact is made and the tangential friction in the
contact surfaces is taken into consideration, the switch of the approach phase and the restitution
phase may be synchronous with the reverse of tangential micro-slip in a few cases. In general
cases, the tangential motion falls into one of the following three cases, which include that the
tangential micro-slip reverses within the normal approach phase or within the restitution phase in
impact process, or it does not reverse in the impact process. Thus, the relation between the pre-
impact state and the post-impact state cannot be described by using any simple impact laws, such
as Newton’s law or Poisson’s law, especially in the case of an oblique-impact vibrating system of
multiple degrees of freedom. To attack this problem, a numerical method, referred to as the
incremental impulse method, was developed and experimentally verified in a recent study [30]. The
method enables one to judge the direction of tangential micro-slip and to determine the state of
the system at each incremental step of both normal impulse and tangential frictional impulse such
that the possible reverse of tangential micro-slip due to friction can be properly determined.
Compared with the analytical expressions applicable to a few of special vibro-impacting systems,
the numerical method provides a widely feasible way for solving the oblique-impact problems of
various dynamic systems.

In practice, it is almost impossible to establish any analytical relations between the pre-impact
state and the post-impact state for most oblique-impact vibrating systems. However, one can
fortunately find out the analytical relations for the above oblique-impact vibrating system in
Fig. 1 according to whether the tangential friction is taken into account in the impact.

2.1. Oblique-impact relation with friction considered

A necessary condition for an impact between the pendulum and the oscillator is that the normal
relative velocity of two sub-systems is positive when the corresponding normal relative displacement
is getting to vanish. That is, l ’y0 cos y0 � ’X0 > 0 holds at the moment when an impact begins.

Now, two arbitrary moments, denoted by subscripts 1 and 2, during the impact process are
considered. Then, l ’y1 cos y0; ’X1 and l ’y2 cos y0; ’X2 are the normal velocity of the pendulum and
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the mass at these two moments, respectively. If ’y does not change its direction in the phase from
moment 1 to moment 2, the impulse-moment principle gives

’y2 ¼ ’y1 � P½cos y0 þ m sgnð’y1Þ sin y0�;

’x2 ¼ ’x1 þ %mP; ð5a;bÞ

where three dimensionless parameters x ¼ X=l; %m ¼ M1=M2 and P ¼ %P=ðM1lÞ are defined, %P is
the normal impulse acting on the colliding bodies, and m %P is the tangential impulse due to the
Coulomb friction between the contact surfaces.

In the following analysis, the whole impact process will be divided into the normal approach
phase, the possible phase when the tangential micro-slip reverses and the restitution phase. Thus,
the termination conditions for different phases should be established. At the end of the normal
approach phase, the terminal state of the system, denoted by ð’yI ; ’xI Þ; satisfies

’yI cos y0 � ’xI ¼ 0: ð6Þ

At the reverse moment of tangential micro-slip, the angular velocity of the pendulum ’yR yields

’yR ¼ 0: ð7Þ

As Newton’s impact law may give incorrect results in complicated vibro-impact system and the
method of energy dissipation impact fails to work for the system when the normal phase switch is
asynchronous with the reverse of tangential micro-slip, only Poisson’s impact law is applicable
now. For simplicity, let rAð0; 1� be the normal coefficient of restitution. Let PI and PII be the
normal impulse acting on the colliding bodies in the approach phase and the restitution phase,
respectively. Using Poisson’s impact law yields

PII ¼ rPI : ð8Þ

Furthermore, to distinguish the cases by using the impulse, let Pf be the normal impulse in the
normal approach phase if the tangential micro-slip does not reverse in this phase, and let P� be
the normal impulse from the very beginning of impact to the moment when the tangential micro-
slip reverses. From Eqs. (5) and (6), one finds

Pf ¼
’y0 cos y0 � ’x0

%m þ cos2 y0 þ m sgnð’y0Þ sin y0 cos y0

: ð9Þ

According to Eqs. (7) and (5a), one obtains

P� ¼ ’y0=½cos y0 þ m sgnð’y0Þ sin y0�: ð10Þ

Now, the analytical relations between the pre-impact state and the post-impact state can be
derived in three cases from the relation among Pf ; P� and r as follows:

(1) If P�oPf ; the tangential micro-slip reverses within the normal approach phase in the impact
process. According to the switch of the normal phases (approach phase and the restitution phase)
and the reverse of tangential micro-slip, the impact process can be divided into three phases. They
are the first approach phase from the moment when the impact begins to the reverse moment of
tangential micro-slip, the second approach phase from the reverse moment of the tangential
micro-slip to the end of the whole approach phase, and the restitution phase. Then, the analytical
relations between the initial state and the terminal state in each phase can be determined by using
the impulse-moment method.
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From Eqs. (5) and (7), the initial state ð’y0; ’x0Þ and the terminal state ð’yR; ’xRÞ in the first
approach phase, and the impulse PR acting on the colliding bodies in this phase yield

’yR ¼ ’y0 � PR½cos y0 þ m sgnð’y0Þ sin y0� ¼ 0;

’xR ¼ ’x0 þ %mPR: ð11Þ

Similarly, the initial state and the terminal state in the second approach phase satisfy

’yI ¼ ’yR � ðPI � PRÞ½cos y0 � m sgnð’y0Þ sin y0�;

’xI ¼ ’xR þ %mðPI � PRÞ: ð12Þ

One can notice that the tangential friction reverses its direction in this case. Furthermore, the
initial and terminal states in the restitution phase yield

’yf ¼ ’yI � rPI ½cos y0 � m sgnð’y0Þ sin y0�;

’xf ¼ ’xI þ %mrPI ; ð13Þ

where ð’yf ; ’xf Þ is the terminal state in the restitution phase.
By solving Eqs. (11)–(13) in turn, the analytical relations between the pre-impact state and the

post-impact state can be expressed as

’yf ¼ �
1

A
½cos y0 � m sgnð’y0Þ sin y0�f %m’y0 � r’y0 cos y0½cos y0 � m sgnð’y0Þ sin y0�

þ ð1 þ rÞ ’x0½cos y0 þ m sgnð’y0Þ sin y0�g; ð14aÞ

’xf ¼ �
1

A
f ’x0 cos y0½cos2 y0 � m2 sin2 y0� þ ð1 þ rÞ %m’y0 cos y0½cos y0 � m sgnð’y0Þ sin y0�

� r %m ’x0½cos y0 þ m sgnð’y0Þ sin y0�g; ð14bÞ

where

A ¼ m2 sin2 y0 cos y0 � cos3 y0 � %m½cos y0 þ m sgnð’y0Þ sin y0�: ð15Þ

(2) If PfoP�oð1 þ rÞPf ; the tangential micro-slip reverses within the normal restitution phase
in the impact process. Similarly, the analytical relations between the pre-impact state and the post-
impact state can be determined:

’yf ¼
1

B1
½cos y0 � m sgnð’y0Þ sin y0�f %m’y0 � ½cos y0 þ m sgnð’y0Þ sin y0�½r’y0 cos y0 � ð1 þ rÞ ’x0�g; ð16aÞ

’xf ¼
1

B2
f ’x0 cos y0½cos y0 þ m sgnð’y0Þ sin y0� þ ð1 þ rÞ %m’y0 cos y0 � r %m ’x0g; ð16bÞ

where

B2 ¼ %m þ cos y0½cos y0 þ m sgnð’y0Þ sin y0�; ð17aÞ

B1 ¼ B2½cos y0 þ m sgnð’y0Þ sin y0�: ð17bÞ

(3) If P� > ð1 þ rÞPf ; the tangential micro-slip does not reverse within the impact process, and
retains its initial direction till the end of impact when two bodies separate. The analytical relations
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between the pre-impact state and the post-impact state are similarly determined:

’yf ¼
1

B2
f %m’y0 þ ½cos y0 þ m sgnð’y0Þ sin y0�½ð1 þ rÞ ’x0 � r’y0 cos y0�g; ð18aÞ

’xf ¼
1

B2
fð1 þ rÞ %m’y0 cos y0 þ ’x0 cos y0½cos y0 þ m sgnð’y0Þ sin y0� � r %m ’x0g: ð18bÞ

2.2. Oblique-impact relation with friction ignored

This degenerate case implies m ¼ 0: That is, the tangential friction in the contact surface is
ignored. Then, the analytical relation between the pre-impact state and the post-impact state are
expressed as

’yf ¼ r1
’y0 þ r2 ’x0; ’xf ¼ r3

’y0 þ r4 ’x0; ð19Þ

where

r1 ¼
%m � r0 cos2 y0

%m þ cos2 y0
; r2 ¼

ð1 þ r0Þ cos y0

%m þ cos2 y0
;

r3 ¼
ð1 þ r0Þ %m cos y0

%m þ cos2 y0
; r4 ¼

�r0 %m þ cos2 y0

%m þ cos2 y0
ð20Þ

and r0 ð0or0p1Þ is the constant coefficient of restitution, which can be defined by any method
(velocity, momentum or energy dissipation), to denote the restitution of the case of direct-impact.
Because the momentums of such a pendulum-oscillator system depend on the impact angle, all the
parameters ri ði ¼ 1;y; 4Þ in Eq. (20) are the functions in impact angle.

In a recent study [30], the above cases and the corresponding analytical relations (14), (16), (18)
and (19) between the pre-impact state and the post-impact state have been fully verified by using
the incremental impulse method in conjunction with experiments.

3. Periodic motions and their stability of an oblique-impact vibrating system

This section presents the dynamics of the oblique-impacting system shown in Fig. 1 on the basis
of the oblique-impact relations in Section 2, and gives some dynamic behaviors of the system
under the condition of oblique-impacts.

3.1. Model of oblique-impact vibration

As shown in Fig. 1, the system is characterized by the distance D from the equilibrium position
of the pendulum to that of the left surface of the mass. If the system displacements satisfy the
following equation:

l sin y� XoD; ð21Þ
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the motions of two parts are totally decoupled. If l sin y� X ¼ D; the tip mass M1 of the
pendulum contacts the left surface of mass M2 at a certain angle, then the oblique-impact
happens.

When the motions of two parts are decoupled, the dynamic equation of the system can be
written as

.x1 þ 2z1o0 ’x1 þ o2
0x ¼ f1 cosðot þ jÞ

.x2 þ 2z2 ’x2 þ x2 ¼ f2 cosðot þ jÞ

)
when sin x1 � x2od; ð22Þ

where

o0 ¼
o1

o2
; z1 ¼

C1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M1K1l2

p ; z2 ¼
C2

2
ffiffiffiffiffiffiffiffiffiffiffiffi
M2K2

p ; f1 ¼
f10 %o2

K1
; f2 ¼

f20

K2l
;

t ¼ o2T ; o ¼ O=o2; x1 ¼ y; x2 ¼ X=l; d ¼ D=l ð23Þ

are a few dimensionless variables and o1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K1=ðM1l2Þ

p
and o2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2=M2

p
are defined as the

natural frequencies of two parts, respectively.
From the analysis in Section 2, the oblique-impact within such a system features that the micro-

slip or slip-reverse may occur in the tangential direction, and the relation between the pre-impact
and the post-impact states cannot be expressed as a unique expression when the tangential friction
is taken into consideration. This fact gives great difficulty to the analysis of the dynamics. Thus,
the following treatment will be introduced as following. The analytical method will be used to
study the periodic vibro-impact and its stability in the case when the tangential friction is ignored,
whereas the numerical method will be used in the case when the friction is taken into account.
Then, m ¼ 0 is an essential assumption in this section.

It is assumed that the contact time in the oblique-impact process is infinitesimal compared to
the time of independent motion. Let t ¼ 0 be the instant when an impact starts,
ðx1ð0�Þ; ’x1ð0�Þ;x2ð0�Þ; ’x2ð0�ÞÞ and ðx1ð0þÞ; ’x1ð0þÞ;x2ð0þÞ; ’x2ð0þÞÞ be the pre-impact state and
the post-impact state, respectively. From Eq. (15), one can express the relations between pre-
impact state and post-impact state as

x1ð0þÞ ¼ x1ð0�Þ; ’x1ð0þÞ ¼ r1 ’x1ð0�Þ þ r2 ’x2ð0�Þ

x2ð0þÞ ¼ x2ð0�Þ; ’x2ð0þÞ ¼ r3 ’x1ð0�Þ þ r4 ’x2ð0�Þ

)
when sin x1 � x2 ¼ d; ð24Þ

where ri ði ¼ 1;y; 4Þ are expressed as Eq. (20). Hence, all ri; i ¼ 1;y; 4 are functions of impact
angle x1ð0�Þ:

The flight motion between two successive impacts can be determined through the solution of
Eq. (22):

x1ðtÞ ¼ %S11ðtÞx1ð0þÞ þ %S12ðtÞ ’x1ð0þÞ þ %S13ðtÞ sin jþ %S14ðtÞ cosj;

’x1ðtÞ ¼ %S21ðtÞx1ð0þÞ þ %S22ðtÞ ’x1ð0þÞ þ %S23ðtÞ sin jþ %S24ðtÞ cosj;

x2ðtÞ ¼ %S31ðtÞx2ð0þÞ þ %S32ðtÞ ’x2ð0þÞ þ %S33ðtÞ sin jþ %S34ðtÞ cosj;

’x2ðtÞ ¼ %S41ðtÞx2ð0þÞ þ %S42ðtÞ ’x2ð0þÞ þ %S43ðtÞ sin jþ %S44ðtÞ cosj; ð25Þ

where the expressions of %SijðtÞ; i ¼ 1;y; 4; j ¼ 1;y; 4 are listed in Appendix A.
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If a specific state just ahead of an impact is given as ðx1; ’x1;x2; ’x2Þ and the instant is defined as
t ¼ t�0 ¼ tþ0 ¼ 0 and j ¼ j�

0 ¼ jþ
0 because the duration of impact process is ignored, one can

obtain all the states of the system by repeating the process expressed by Eqs. (24) and (25).

3.2. Analysis of period-n � 1 oblique-impact vibration

3.2.1. General case when m ¼ 0
In this section the period-n � 1 motions of the oblique-impact vibrating system will be analyzed

in the phase space R4 � Rþ � Rþ with the state vector X ¼ ðx1; ’x1;x2; ’x2Þ: By selecting the
following impact section as the Poincar!e section:

R ¼ fðX;j; tÞAR4 � Rþ � Sj sin x1 � x2 ¼ d; t ¼ t�impactg; ð26Þ

where S ¼ ftðmodð2np=oÞÞjtARþg; and defining the following Poincar!e mapping:

P : R-R ð27Þ

one can transform the analysis of the period-n � 1 impact motions of the system to the analysis of
the fixed points on the above Poincar!e section. Obviously, the map P includes two sub-mapping
processes P1 : X0-Xþ

0 and P2 : X
þ
0 -X2np=o; where X0 ¼ ðx10; ’x10; x20; ’x20Þ; X2np=o ¼

ðx1;2np=o; ’x1;2np=o;x2;2np=o; ’x2;2np=oÞ; and P1 is the state transformation when an orbit in the phase
space passes through the Poincar!e section, P2 is the process of the orbit undergoing period-n free
vibration from the end of the impact to the time 2np=o when the orbit arrives at section R: Then,
one has

P ¼ P23P1 : X0-X2np=o: ð28Þ

From Eqs. (24) and (25), P can be expressed specifically as

X2np=o ¼

S11 S12 0 0

S21 S22 0 0

0 0 S31 S32

0 0 S41 S42

0
BBB@

1
CCCA

1 0 0 0

0 r1 0 r2

0 0 1 0

0 r3 0 r4

0
BBB@

1
CCCAX0 þ

S13 S14

S23 S24

S33 S34

S43 S44

0
BBB@

1
CCCA sin j

cosj

 !
; ð29Þ

where Sij ¼ %Sijð2np=oÞ; i ¼ 1;y; 4; j ¼ 1;y; 4:
If the period-n � 1 orbit exists in the phase space, the mapping P should satisfy

X2np=o ¼ X0: ð30Þ

Substituting the above equation into Eq. (29) and keeping sin x10 � x20 ¼ d in mind, one has

r1S12 r2S12 S13 S14

r1S22 � 1 r2S22 S23 S24

r3S32 r4S32 S33 S34

r3S42 r4S42 � 1 S43 S44

0
BBB@

1
CCCA

’x10

’x20

sin j

cosj

0
BBB@

1
CCCA ¼ �

ðS11 � 1Þx10

S21x10

ðS31 � 1Þðsin x10 � dÞ

S41ðsin x10 � dÞ

0
BBB@

1
CCCA: ð31Þ

Let b0ðx10Þ be the determinant of the left-hand-side matrix in Eq. (31). If the condition

b0ðx10Þa0 ð32Þ
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holds, then Eq. (31) has a solution. Therefore, the impact velocities of period-n � 1 motions are
obtained as

’x10 ¼ ½b11ðx10Þx10 þ b12ðx10Þðsin x10 � dÞ�=b0ðx10Þ; ð33aÞ

’x20 ¼ ½b21ðx10Þx10 þ b22ðx10Þðsin x10 � dÞ�=b0ðx10Þ ð33bÞ

and the corresponding excitation phase can be expressed as

sin j ¼ ½b31ðx10Þx10 þ b32ðx10Þðsin x10 � dÞ�=b0ðx10Þ; ð34aÞ

cosj ¼ ½b41ðx10Þx10 þ b42ðx10Þðsin x10 � dÞ�=b0ðx10Þ: ð34bÞ

Using the relation sin2 jþ cos2 j ¼ 1; one has

½b2
31ðx10Þ þ b2

41ðx10Þ�x2
10 þ 2½b31ðx10Þb32ðx10Þ þ b41ðx10Þb42ðx10Þ�x10ðsin x10 � dÞ

þ ½b2
32ðx10Þ þ b2

42ðx10Þ�ðsin x10 � dÞ2 ¼ b2
0ðx10Þ; ð35Þ

where the coefficients b0 and bij ði ¼ 1;y; 4; j ¼ 1; 2Þ in Eqs. (32)–(35) are listed in Appendix B.
From the above analysis, the period-n � 1 motions can exist in the oblique-impact vibrating

system governed by Eq. (22) if Eq. (32) holds and Eq. (35) has any real solution. Accordingly, all
points X0 ¼ ðx10; ’x10;x20; ’x20ÞAR satisfying Eqs. (32)–(35) are the n � 1 fixed points on the
Poincar!e section. Because the impact relation described by Eq. (24) and the corresponding impact
conditions are non-linear, it is not possible to obtain any analytical solution of Eq. (35).

3.2.2. Case when z1 ¼ z2 ¼ 0 and f2 ¼ 0
For the sake of simplicity, this section focuses on a special case when z1 ¼ z2 ¼ 0 and f2 ¼ 0 are

assumed. In this case, all Sij ; i ¼ 1;y; 4; j ¼ 1;y; 4 can be recast as

S11 ¼ cosð2npo0=oÞ; S12 ¼
1

o0
sinð2npo0=oÞ; S13 ¼

f1o
o0ðo2

0 � o2Þ
sinð2npo0=oÞ;

S14 ¼
f1

o2
0 � o2

½1 � cosð2npo0=oÞ�; S21 ¼ �o2
0S12; S22 ¼ S11; S23 ¼ �oS14;

S24 ¼ o2
0S13=o; S31 ¼ cosð2np=oÞ; S32 ¼ sinð2np=oÞ;

S33 ¼ 0; S34 ¼ 0; S41 ¼ �S32; S42 ¼ S31; S43 ¼ 0; S44 ¼ 0: ð36Þ

By substituting Eq. (36) into Eqs. (32)–(35), recasting and simplifying the result, one can prove
that the period-n � 1 oblique-impact motions exist in the cases when the following inequality
holds:

2ð1 þ rÞ %mf 2
1 o cos x10 sinð2np=oÞ½cosð2npo0=oÞ � 1�

ð %m þ cos2 x10Þðo2
0 � o2Þ2

a0 ð37Þ

and the following equation:

x2
10 þ

2 tanðnp=oÞ cos x10

%mo0 tanðnpo0=oÞ
ðsin x10 � dÞx10 þ

tan2ðnp=oÞ
%m2

cos2 x10

o2
0 tan2ðnpo0=oÞ

�

þ
ð1 � rÞ2ð %m þ cos2 x10Þ

2

ð1 þ rÞ2o2 cos2 x10


ðsin x10 � dÞ2 ¼

f 2
1

ðo2
0 � o2Þ2

ð38Þ
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has at least one real solution. The corresponding impact velocities and excitation phase yield

’x10 ¼
½ð1 � rÞ %m þ 2 cos2 x10� tanðnp=oÞ

ð1 þ rÞ %m cos x10
ðsin x10 � dÞ; ð39aÞ

’x20 ¼ �tanðnp=oÞðsin x10 � dÞ; ð39bÞ

sin j ¼ �
ð1 � rÞðo2

0 � o2Þð %m þ cos2 x10Þ tanðnp=oÞ
ð1 þ rÞ %mf1o cos x10

ðsin x10 � dÞ; ð40aÞ

cosj ¼
ðo2

0 � o2Þ
f1

x10 þ
tanðnp=oÞ cos x10

%mo0 tanðnpo0=oÞ
ðsin x10 � dÞ

� 
: ð40bÞ

Therefore, if Eq. (37) holds, the excitation frequency must satisfy oan=m and oao0 (where m

is an arbitrary positive integer), and mass M1 cannot contact mass M2 at the horizontal position
of the pendulum in Fig. 1, namely, ya2kpþ p=2: To gain an insight into Eq. (38), a numerical
study will be given in Section 4 to show transition of its real solution with variation of system
parameters.

3.3. Stability analysis of period-n � 1 oblique-impact vibration

The objective of this subsection is to study the stability of period-n � 1 motions determined in
the previous subsection. For this purpose, the method of Poincar!e mapping will be used so that
attention will be paid to the stability analysis of the fixed points of the Poincar!e mapping.

Now, a new fixed point Y ¼ ðx10; ’x10; ’x20;jÞ is defined from Eq. (31), which can be recast as

ðS11 � 1Þx10 þ r1S12 ’x10 þ r2S12 ’x20 þ S13 sin jþ S14 cosj ¼ 0;

S21x10 þ ðr1S22 � 1Þ ’x10 þ r2S22 ’x20 þ S23 sin jþ S24 cosj ¼ 0;

ðS31 � 1Þ sin x10 þ r3S32 ’x10 þ r4S32 ’x20 þ S33 sin jþ S34 cosj� ðS31 � 1Þd ¼ 0;

S41 sin x10 þ r3S42 ’x10 þ ðr4S42 � 1Þ ’x20 þ S43 sin jþ S44 cosj� S41d ¼ 0: ð41Þ

The Jacobian of Eq. (41) at this fixed point reads

DP ¼

a11 a12 a13 a14

a21 a22 a23 a24

a31 a32 a33 a34

a41 a42 a43 a44

0
BBB@

1
CCCA: ð42Þ

The entries in the above matrix are

a11 ¼ S11 � 1 þ S12ðr1;x10
’x10 þ r2;x10

’x20Þ; a12 ¼ r1S12; a13 ¼ r2S12; a14 ¼ S13 cosj� S14 sinj;

a21 ¼ S21 þ S22ðr1;x10
’x10 þ r2;x10

’x20Þ; a22 ¼ r1S22 � 1; a23 ¼ r2S22; a24 ¼ S23 cosj� S24 sinj;

a31 ¼ ðS31 � 1Þ cos x10 þ S32ðr3;x10
’x10 þ r4;x10

’x20Þ; a32 ¼ r3S32; a33 ¼ r4S32;

a34 ¼ S33 cosj� S34 sin j;

a41 ¼ S41 cos x10 þ S42ðr3;x10
’x10 þ r4;x10

’x20Þ; a42 ¼ r3S42; a43 ¼ r4S42 � 1;

a44 ¼ S43 cosj� S44 sin j; ð43Þ

ARTICLE IN PRESS

W. Han et al. / Journal of Sound and Vibration 275 (2004) 795–822 807



where ri;x10
ði ¼ 1;y; 4Þ represent the derivative of ri with respect to x10:

r1;x10
¼

2 %mðr þ 1Þ sin x10 cos x10

ð %m þ cos2 x10Þ
2

; r2;x10
¼

ðr þ 1Þ sin x10ðcos2 x10 � %mÞ

ð %m þ cos2 x10Þ
2

;

r3;x10
¼ %mr2;x1

; r4;x10
¼ �r1;x10

ð44Þ

sin j and cos j can be expressed in terms of x10 according to Eq. (34) or Eq. (40). Then, the
characteristic equation of the Jacobian given in Eq. (42) reads

l4 þ J3l
3 þ J2l

2 þ J1lþ J0 ¼ 0; ð45Þ

where the coefficients Ji ði ¼ 0;y; 3Þ are listed in Appendix C.
The stability of the fixed points can be judged from the following roots of Eq. (45)

l1;2 ¼

ffiffiffiffi
A

p
2

�
J3

4
7

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D þ

�8J1 þ 4J2J3 � J3
3

4
ffiffiffiffi
A

p
s

;

l3;4 ¼ �

ffiffiffiffi
A

p
2

�
J3

4
7

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D �

�8J1 þ 4J2J3 � J3
3

4
ffiffiffiffi
A

p
s

; ð46Þ

where

A ¼
ð
ffiffiffiffi
B

p
þ GÞ1=3

3 � 21=3
þ

J2
3

4
�

2J2

3
þ

21=3ð12J0 þ J3
2 � 3J1J3Þ

3ð
ffiffiffiffi
B

p
þ GÞ1=3

;

D ¼ �
ð
ffiffiffiffi
B

p
þ GÞ1=3

3 � 21=3
þ

J2
3

4
�

2J2

3
�

21=3ð12J0 þ J3
2 � 3J1J3Þ

3ð
ffiffiffiffi
B

p
þ GÞ1=3

;

B ¼ G2 � 4ð12J0 þ J3
2 � 3J1J3Þ

3;

G ¼ 2J3
2 � 9J1J2J3 þ 27J2

1 þ 27J0J2
3 � 72J0J2: ð47Þ

If all the roots li; i ¼ 1;y; 4; are within a unit circle, the periodic motion corresponding to the
fixed point is asymptotically stable. If any li is out of the unit circle, the period motion is unstable.
Furthermore, the types of bifurcation can be clarified as the following:

1. The saddle-node bifurcation occurs in the case when one of the roots of Eq. (45) is passing
through the unit circle in the positive direction of the real axis;

2. The period doubling bifurcation occurs in the case when one of the roots of Eq. (45) is passing
through the unit circle in the negative direction of the real axis;

3. The Hopf bifurcation may occur in the case when a pair of conjugated roots of Eq. (45) is
passing through the unit circle.

4. Case studies

In this section, some numerical results are given to intuitively show the existence and the
stability of periodic motions of the oblique-impact vibrating system composed of a spring–
pendulum and a mass–spring oscillator, and the long-term dynamic behavior of the system. The
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following two Poincar!e sections, which are defined by the impact section or the excitation periodic
phase section as follows, will be used:

RImpact ¼ fðx1; ’x1; x2; ’x2;jÞjsin x1 � x2 ¼ dg; ð48aÞ

RTime ¼ fðx1; ’x1; x2; ’x2; tÞjmodðt;TÞ ¼ 0g: ð48bÞ

Except j and t; the transition of each entry in ðx1; ’x1; x2; ’x2Þ can represent the transition of the
steady state motions of the system. Hence, x1; the angle displacement of the pendulum, is chosen
to describe the transition of the steady state motions on the Poincar!e sections. In the numerical
emulation, Eqs. (19) and (20) are used to describe the oblique-impact relation when the friction is
ignored, whereas Eqs. (14), (16), and (18) are used when the friction is taken into account. In the
numerical simulation, 600 periods of excitation are used to arrive at the steady state motion and
only the results of the last 100 periods are recorded for analysis.

4.1. Simplified cases

In the simplified cases analyzed in Section 3.2.2, the system is assumed to have no viscous
damping and no tangential friction in the impact surface, and to be subject to a harmonic moment
excitation on the pendulum. That is, m ¼ 0; z1 ¼ z2 ¼ 0; f2 ¼ 0: By selecting the parameters
d ¼ 0:5; %m ¼ 0:6; o0 ¼ 2 and r ¼ 0:8; the periodic vibro-impacts can be computed through
Eqs. (37)–(40), and the corresponding stability can be determined from the eigenvalues of the
Jacobian of the Poincar!e mapping.
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Fig. 2. The existence and stability of the period-1 � 1 motions of an oblique-impact vibrating system (3; stable;

; unstable).
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The existence and the stability of period-1 � 1 and period-2 � 1 vibro-impacts of the simplified
system are shown in Figs. 2 and 3, respectively. Some phenomena can be observed from those
figures: (1) The appearance of periodic motions depends on the strict values of some system
parameters. If ðo; f1Þ is fixed, whether the periodic motions occur depends on the value of x10 and
the state point ðx10; ’x10; ’x20;jÞ; which is decided by x10; in Poincar!e section. For example, when
ðo; f1Þ ¼ ð0:65; 0:95Þ; a stable period-1 � 1 motion occurs when x10 ¼ 0:5369; and an unstable
period-2 � 1 motion occurs when x10 ¼ 0:3300: (2) When the excitation frequency o is fixed, the
regions where the periodic motions occur become larger with an increase of the excitation
amplitude f1; and then some separate regions can meet together. (3) The complicated bifurcations
occur in the transition of the periodic motions with the variation of o and f : For instance, when f1
takes a large value, the transition between stability and instability occurs again and again when o
increases from 0.2 to 1.2.

The transition of the stable states on the Poincar!e section with variation of excitation frequency
is shown in Fig. 4 when other parameters and initial conditions of the system are fixed. It is shown
that some non-linear phenomena such as various periodic motions, chaotic motions, jumps, phase
locking and correlative bifurcations occur when the excitation frequency changes. Furthermore,
there exist some period-m motions, which undergo period-doubling bifurcation and then become
chaotic motions, in some narrow frequency ranges in Fig. 4. As the illustrative motions of the
simplified system, two typical period-1 � 1 motions with different phase trajectories, and a
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Fig. 3. The existence and stability of the period-2 � 1 motions of an oblique-impact vibrating system (3; stable;
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period-2 � 1 motion are shown in Fig. 5. Obviously, it is very difficult to realize the period-n � 1
motions within the parameter region in Figs. 2 and 3. Even the initial state, which leads to a stable
periodic motion in Figs. 2 and 3, may give an uncertain result if any tiny errors exist in the system
parameters.

Other types of stable periodic motions may occur when the condition for period-n � 1 motions
does not hold. For example, the stable period-1 � 2 impact motions can easily occur when f is less
than the natural frequency of the system. Several typical low-order stable period-m � n motions
are shown in Fig. 6. Similar to the period-n � 1 motions, the period-m � n impact motions are
also sensitive to the change of system parameters. That is, even a tiny perturbation in a system
parameter may change the type or the stability of the motions. In summary, the periodic oblique-
impact motions seem to be some isolated ‘‘islands’’ among the ubiquitous non-periodic motions.

4.2. General cases

4.2.1. Cases with viscous damping involved, but tangential friction ignored
This section deals with the cases when the viscous damping is involved but the tangential

friction in contact surface is ignored. When the system involves viscous damping, the free vibro-
impact arising from different initial states will be gradually damped out so that the long-term
dynamic behavior of damped system are insensitive to the initial state in contrast with the system
without damping. Besides the physical parameters of the system, the long-term behaviors are
mainly determined by the frequency and amplitude of the excitation. Compared with the cases in
Section 4.1, a harmonic force excitation on the oscillator is added in this subsection.

The transition of the steady state behaviors with variation of the excitation frequency for
different damping ratios and different excitation amplitudes are shown in Fig. 7. In the cases with
given parameters and a small excitation amplitude acting on the oscillator, the figure shows that
most non-periodic motions can become periodic motions when the damping ratio increases from
z1 ¼ z2 ¼ 0:01 in Fig. 7(a) to z1 ¼ z2 ¼ 0:1 in Fig. 7(b), and many bifurcations in the cases with no
damping or small damping disappear when the damping increases. Then, it is possible to realize
the expected periodic vibro-impacts by adjusting damping and excitation. When the damping is
fixed but the excitation amplitude f2 increases in Fig. 7(c), it is shown that the transition of steady
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state motions is more complex than the case with small excitation amplitude f2; and the parameter
regions where the unstable motions occur become larger simultaneously.

4.2.2. Cases with viscous damping and the tangential friction involved simultaneously
This subsection deals with the cases when the viscous damping and the tangential friction in

contact surface are taken into consideration simultaneously. As a comparison, except the
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Fig. 5. The period-n � 1 motions when m ¼ 0; z1 ¼ z2 ¼ 0; f2 ¼ 0 for the initial state ð0; 0:5; 0; 0Þ; where the thick or

thin solid curve represent x2 or sin x1 � d and the dashed one represents cosot in the left figures of the time history of

displacement, the solid curve represents the phase trajectory x1 � ’x1 and the dashed one represents the phase trajectory

x2 � ’x2 in right figures. (a) A period-1 � 1 motion when f1 ¼ 1:0; o ¼ 1:25; (b) A period-1 � 1 motion when f1 ¼
1:0; o ¼ 1:8; (c) A period-2 � 1 motion when f1 ¼ 1:5; o ¼ 2:75:
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coefficient of the tangential friction that increases from m ¼ 0 to m ¼ 0:5; the same simulation
parameters in Fig. 4 are selected in order to study the influence of the friction on the characteristic
of steady state motions of the system. Then, the transition of the characteristic of steady state
motions with variation of the excitation frequency is shown in Fig. 8(a). As shown in Fig. 4,
similar non-linear phenomena, such as periodic motions, bifurcations and chaotic motions, are
shown in Fig. 8(a). Furthermore, the complex motions such as period-2 � 2; period-6 � 6;
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period-4 � 5 and period-8 � 10 motions are observed in the enlarged figures. By increasing the
coefficient of viscous damping to z1 ¼ z2 ¼ 0:01 and letting f2 ¼ 0:5; the transitions of the steady
state motions with variation of the excitation frequency when m ¼ 0:4 and m ¼ 0:8 are shown in
Fig. 8(b) and 8(c), respectively. These figures show that the friction can influence the behaviors of
the system to some extent. For instance, the stability of the steady state motions in some

ARTICLE IN PRESS

Fig. 7. The transition of the long-term dynamic behavior with variation of the excitation frequency for different

damping ratios, with the system parameters %m ¼ 0:6; o0 ¼ 2; r ¼ 0:8; d ¼ 0:5 and the initial state ð0; 0:5; 0; 0Þ; where

the left figures are the Poincar!e impact section and the right figures the Poincar!e excitation phase section. (a) System

parameters: m ¼ 0; z1 ¼ z2 ¼ 0:01; f1 ¼ 1:0; f2 ¼ 0:5; (b) System parameters: m ¼ 0; z1 ¼ z2 ¼ 0:1; f1 ¼ 1:0; f2 ¼ 0:5;
(c) System parameter: m ¼ 0; z1 ¼ z2 ¼ 0:1; f1 ¼ 1:0; f2 ¼ 1:5:
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parameter regions is changed and the region where the periodic motions occur becomes larger or
smaller. For example, the stable period-1 � 1 motions near o ¼ 1:4 and the stable period-2 � 1
motions near o ¼ 2:7 in Fig. 7(a) disappear when the friction increases, whereas a new stable
period-1 � 1 motion near o ¼ 2:2 is observed in Fig. 8(b) and 8(c). All the simulation results
indicate that the influence of the friction on the system dynamics is less important than that of the
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Fig. 8. The transition of the long-term dynamic behavior with variation of the excitation frequency for different

coefficients of tangential friction, with the system parameters %m ¼ 0:6; o0 ¼ 2; r ¼ 0:8; d ¼ 0:5 and the initial state

ð0; 0:5; 0; 0Þ; where the left figures are the Poincar!e impact section and the right figures the Poincar!e excitation phase

section. (a) System parameters: m ¼ 0:5; z1 ¼ z2 ¼ 0; f1 ¼ 1:0; f2 ¼ 0: The figure can be contrasted with Fig. 4. (b)

System parameters: m ¼ 0:4; z1 ¼ z2 ¼ 0:01; f1 ¼ 1:0; f2 ¼ 0:5: (c) System parameters: m ¼ 0:8; z1 ¼ z2 ¼ 0:01; f1 ¼
1:0; f2 ¼ 0:5:
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Fig. 9. Some typical motions of the oblique-impact vibrating system for system parameters %m ¼ 0:6; o0 ¼ 2;
r ¼ 0:8; d ¼ 0:5 and the initial state ð0; 0:5; 0; 0Þ; where the thick or thin solid curve represents x2 or sin x1 � d and

the dashed one represents cosot in figure (a). (1) A periodic-1 � 3 motion when m ¼ 0:0;
z1 ¼ z2 ¼ 0:1; f1 ¼ 1:0; f2 ¼ 1:5; o ¼ 0:75: (a) time history of displacement; (b) phase trajectory. (2) A chaotic motion

when m ¼ 0:5; z1 ¼ z2 ¼ 0; f1 ¼ 1:0; f2 ¼ 0; o ¼ 1:545: (a) time history of displacement; (b) Poincar!e impact section.

(3) A periodic-4 � 5 motion when m ¼ 0:5; z1 ¼ z2 ¼ 0; f1 ¼ 1:0; f2 ¼ 0; o ¼ 1:5752: (a) time history of displacement;

(b) phase trajectory. (4) A chaotic motion when m ¼ 0:4; z1 ¼ z2 ¼ 0:01; f1 ¼ 1:0; f2 ¼ 0:5; o ¼ 2:55: (a) time history of

displacement; (b) Poincar!e impact section.
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damping. The variation of the damping can change the behavior of the system in large regions,
whereas most steady state motions remain with their behaviors when the friction varies. As an
example of general cases, Fig. 9 shows several typical periodic motions in the cases when the
damping or the friction is taken into account.

As shown in Figs. 7 and 8, the characteristics of the system dynamics are observed
simultaneously in the impact section and the excitation phase section when stable period-m � n

vibro-impacts or non-periodic vibro-impacts occur. When the motions of two sub-systems are
decoupled, the general motions of the system subject to the excitation, such as the periodic
motions in the case with or without damping, or the quasi-periodic motion in the case without
damping, can happen independently when the excitation parameters vary. If the system is totally
undamped, the phenomenon of sporadic vibro-impacts is observed in the numerical results. This
phenomenon, shown in Fig. 10, indicates that the mass reaches the steady state motion after a
finite number of sporadic impacts, but the pendulum remains its quasi-periodic motion forever,
and the grazing impact occurs between two colliding bodies but no energy is transferred after the
mass reaches the steady state motion.
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5. Conclusions

The present work focuses on the dynamics of an oblique-impact vibrating system composed of
a spring–pendulum and a mass–spring oscillator. Specifically, the relations between the pre-
impact state and the post-impact state are analyzed first upon an assumption of instantaneous
oblique impacts. Then, the dynamic equation of such an oblique-impact vibrating system is
established, the existence and the stability of the periodic motions are analyzed and a series of
analytical solutions is obtained in the simplified cases. Furthermore, the transitions of the steady
state motions of the system with the variation of excitation, damping and friction are numerically
studied.

In the case of oblique-impacts, the coefficient of restitution cannot be considered as a constant
according to the investigation in the paper. Meanwhile, the relations between the pre-impact state
and the post-impact state are directly associated with the impact angle and the coefficient of
contact–friction between impacting bodies. Because of the complexity of the impact relations, the
analytical solutions of such a simple oblique-impact vibrating system can be derived only when
some special conditions hold. If any stable periodic motion of such an oblique-impact vibrating
system is expected, the system parameters and initial states must be carefully selected.
Furthermore, rich dynamic behaviors, such as stability transitions, bifurcations and chaotic
motions, can be observed in the numerical results.
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Appendix A

%S11ðtÞ ¼ e�z1o0t z1o0

od

sinodt þ cosodt

� �
; ðA:1Þ

%S12ðtÞ ¼
e�z1o0t

od

sinodt; ðA:2Þ

%S13ðtÞ ¼
f1oe�z1o0t

H

ðo2
0 � o2Þ � 2z2

1o
2
0

od

sinodt � 2z1o0 cosodt

� 

�
f1

H
½ðo2

0 � o2Þ sinot � 2z1oo0 cosot�; ðA:3Þ
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%S14ðtÞ ¼ �
f1e

�z1o0t

H

z1o0

od

ðo2
0 þ o2Þ sinodt þ ðo2

0 � o2Þ cosodt

� 

þ
f1

H
½2z1oo0 sinot þ ðo2

0 � o2Þ cosot�; ðA:4Þ

%S21ðtÞ ¼ �e�z1o0t z2
1o

2
0

od

þ od

� �
sinodt; ðA:5Þ

%S22ðtÞ ¼ �e�z1o0t z1o0

od

sinodt � cosodt

� �
; ðA:6Þ

%S23ðtÞ ¼
f1oe�z1o0t

H

�z1o0

od

ðo2
0 � o2 � 2z2

1o
2
0 � 2o2

dÞ sinodt þ ðo2
0 � o2Þ cosodt

� 

�
f1o
H

½2z1oo0 sinot þ ðo2
0 � o2Þ cosot�; ðA:7Þ

%S24ðtÞ ¼
f1e

�z1o0t

H

1

od

½z2
1o

2
0ðo

2
0 þ o2Þ þ o2

dðo
2
0 � o2Þ� sinodt � 2z1o

2o0 cosodt

� �

�
f1o
H

½ðo2
0 � o2Þ sinot � 2z1oo0 cosot�; ðA:8Þ

where od ¼ o0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � z2

1

q
; H ¼ ðo2

0 � o2Þ2 þ ð2z1oo0Þ
2: Replacing o0; z1 and f1 in Eqs. (A.1),

(A.2);y; (A.7) and (A.8) with 1; z2 and f2 respectively, and changing od and H correspondingly,
one obtains %S31ðtÞ; %S32ðtÞ; %S33ðtÞ; %S34ðtÞ and %S41ðtÞ; %S42ðtÞ; %S43ðtÞ; %S44ðtÞ:

Appendix B

b0ðx10Þ ¼ r1ðx10Þ½S12ðS24S33 � S23S34Þ þ S22ðS13S34 � S14S33Þ� þ r2ðx10ÞS12ðS33S44 � S34S43Þ

þ r3ðx10ÞS32ðS14S23 � S13S24Þ þ r4ðx10Þ½S32ðS14S43 � S13S44Þ þ S42ðS13S34 � S14S33Þ�

þ r1ðx10Þr4ðx10Þ½S22S32ðS13S44 � S14S43Þ þ S22S42ðS14S33 � S13S34Þ

þ S12S32ðS24S43 � S23S44Þ þ S12S42ðS23S34 � S24S33Þ�

þ r2ðx10Þr3ðx10Þ½S12S32ðS23S44 � S24S43Þ þ S22S32ðS14S43 � S13S44Þ

þ S42S12ðS24S33 � S23S34Þ þ S42S22ðS13S34 � S14S33Þ� þ S14S33 � S13S34; ðB:1Þ

b11ðx10Þ ¼ r2ðx10ÞðS34S43 � S33S44Þ½S22ðS11 � 1Þ � S12S21�

þ r4ðx10Þ½S21S32ðS14S43 � S13S44Þ þ S21S42ðS13S34 � S14S33Þ

þ S32ðS11 � 1ÞðS23S44 � S24S43Þ þ S42ðS11 � 1ÞðS24S33 � S23S34Þ�

þ ðS11 � 1ÞðS23S34 � S24S33Þ � S21ðS13S34 � S14S33Þ; ðB:2Þ
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b12ðx10Þ ¼ r2ðx10Þ½S41S12ðS23S34 � S24S33Þ þ S41S22ðS14S33 � S13S34Þ

þ S12ðS31 � 1ÞðS24S43 � S23S44Þ þ S22ðS31 � 1ÞðS13S44 � S14S43Þ�

þ r4ðx10ÞðS14S23 � S13S24Þ½S42ðS31 � 1Þ � S41S32� þ ðS31 � 1ÞðS13S24 � S14S23Þ; ðB:3Þ

b21ðx10Þ ¼ r1ðx10ÞðS33S44 � S34S43Þ½S22ðS11 � 1Þ � S12S21� þ r3ðx10Þ½S21S32ðS13S44 � S14S43Þ

þ S32ðS11 � 1ÞðS24S43 � S23S44Þ þ S21S42ðS14S33 � S13S34Þ

þ S42ðS11 � 1ÞðS23S34 � S24S33Þ� þ ðS11 � 1ÞðS34S43 � S33S44Þ; ðB:4Þ

b22ðx10Þ ¼ r1ðx10Þ½S41S12ðS24S33 � S23S34Þ þ S41S22ðS13S34 � S14S33Þ

þ S12ðS31 � 1ÞðS23S44 � S24S43Þ þ S22ðS31 � 1ÞðS14S43 � S13S44Þ�

þ r3ðx10ÞðS13S24 � S14S23Þ½S42ðS31 � 1Þ � S41S32�

þ ðS31 � 1ÞðS13S44 � S14S43Þ þ S41ðS14S33 � S13S34Þ; ðB:5Þ

b31ðx10Þ ¼ r1ðx10Þ½r4ðx10ÞðS42S34 � S32S44Þ � S34�½S22ðS11 � 1Þ � S12S21�

þ r2ðx10Þr3ðx10ÞðS32S44 � S42S34Þ½S22ðS11 � 1Þ � S12S21�

þ r3ðx10ÞS32½S24ðS11 � 1Þ � S21S14�

þ r4ðx10ÞðS11 � 1ÞðS32S44 � S42S34Þ þ S34ðS11 � 1Þ; ðB:6Þ

b32ðx10Þ ¼ r1ðx10Þf½1 � r4ðx10ÞS42�ðS31 � 1Þ þ r4ðx10ÞS32S41gðS22S14 � S12S24Þ

þ r2ðx10ÞS12½�S44ðS31 � 1Þ þ S34S41� þ r2ðx10Þr3ðx10ÞðS12S24 � S14S22Þ½�S42ðS31 � 1Þ

þ S32S41� þ r4ðx10ÞS14½S42ðS31 � 1Þ � S32S41� � S14ðS31 � 1Þ; ðB:7Þ

b41ðx10Þ ¼ r1ðx10Þ½S33 � r4ðx10ÞðS42S33 � S32S43Þ�½S22ðS11 � 1Þ � S12S21�

þ r2ðx10Þr3ðx10ÞðS42S33 � S32S43Þ½S22ðS11 � 1Þ � S12S21�

þ r3ðx10ÞS32½�S23ðS11 � 1Þ þ S21S13�

þ r4ðx10ÞðS11 � 1ÞðS42S33 � S32S43Þ � S33ðS11 � 1Þ; ðB:8Þ

b42ðx10Þ ¼ r1ðx10Þf½1 � r4ðx10ÞS42�ðS31 � 1Þ þ r4ðx10ÞS32S41gðS12S23 � S22S13Þ

þ r2ðx10ÞS12½S43ðS31 � 1Þ � S33S41� þ r2ðx10Þr3ðx10ÞðS22S13 � S12S23Þ½�S42ðS31 � 1Þ

þ S32S41� þ r4ðx10ÞS13½�S42ðS31 � 1Þ þ S32S41� þ S13ðS31 � 1Þ: ðB:9Þ

Appendix C

J0 ¼ða11a22 � a21a12Þða33a44 � a34a43Þ � ða11a32 � a31a12Þða23a44 � a24a43Þ

� ða11a42 � a41a12Þða24a33 � a23a34Þ � ða13a44 � a14a43Þða31a22 � a21a32Þ

� ða14a33 � a13a34Þða41a22 � a21a42Þ þ ða14a23 � a13a24Þða41a32 � a31a42Þ; ðC:1Þ
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J1 ¼ � a11ða22a33 � a23a32 þ a22a44 � a24a42 þ a33a44 � a34a43Þ � a22ða33a44 � a34a43Þ

þ a12ða21a33 � a31a23 þ a21a44 � a41a24Þ � a13ða21a32 � a31a22 þ a41a34 � a31a44Þ

þ a14ða41a33 � a31a43 þ a41a22 � a21a42Þ þ a32ða23a44 � a24a43Þ þ a42ða24a33 � a23a34Þ; ðC:2Þ

J2 ¼ a11a22 � a12a21 þ a11a33 � a13a31 þ a11a44 � a14a41 þ a22a33

� a23a32 þ a22a44 � a24a42 þ a33a44 � a34a43; ðC:3Þ

J3 ¼ � ða11 þ a22 þ a33 þ a44Þ: ðC:4Þ
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